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Let α,β ∈ F∗qt and let Nt(α,β) denote the number of solutions
(x, y) ∈ F∗qt × F∗qt of the equation xq−1 + αyq−1 = β . Recently,
Moisio determined N2(α,β) and evaluated N3(α,β) in terms of
the number of rational points on a projective cubic curve over Fq .
We show that Nt(α,β) can be expressed in terms of the number
of monic irreducible polynomials f ∈ Fq[x] of degree r such that
f (0) = a and f (1) = b, where r | t and a,b ∈ F∗q are related to
α,β . Let Ir(a,b) denote the number of such polynomials. We prove
that Ir(a,b) > 0 when r  3. We also show that N3(α,β) can
be expressed in terms of the number of monic irreducible cubic
polynomials over Fq with certain prescribed trace and norm.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Let Fq be the ﬁnite ﬁeld with q elements and let t be a positive integer. The purpose of this paper
is to study the number of solutions (x, y) ∈ F∗qt × F∗qt of the equation
axq−1 + byq−1 = c, (1.1)
where a,b, c ∈ F∗qt . Eq. (1.1) is equivalent to
xq−1 + αyq−1 = β, (1.2)
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number Nt(α,β) is essentially equivalent to the number of rational points on the projective Fermat
curve
C: xq−1 + αyq−1 − βzq−1 = 0 (1.3)
over Fqt . The number of rational points on C is
∣∣C(Fqt )∣∣= Nt(α,β) + k(q − 1), (1.4)
where k is the number of elements in the multiset {−α,β,β/α} which are (q − 1)st powers in Fqt .
Eq. (1.4) was stated in [9]; see Theorems 1 and 2 of [9].
Eq. (1.2) is a rather special diagonal equation. In general, the number of solutions of a diagonal
equation can be expressed in terms of Gauss sums and estimates for the number of solutions can
be obtained thereafter; see [8, §6.3]. However, the exact number of solutions of a diagonal equation
is not known except in some special cases. Wolfmann [14] determined the number of solutions of
a1xd1 + · · · + asxds = b over Fp2m where d is a “special” divisor of p2m − 1, meaning that d | pr + 1 for
some r |m. Assume qt = p2m (i.e., t | 2m and q = p 2mt ). Then
(
pr + 1,q − 1)=
⎧⎪⎪⎨
⎪⎪⎩
p(r,
2m
t ) + 1 if ν2( 2mt ) > ν2(r),
2 if ν2( 2mt ) ν2(r) and p > 2,
1 if ν2( 2mt ) ν2(r) and p = 2,
where ν2 is the 2-adic order; see [2, Lemma 2.6] and [7, Lemma 5.3]. Thus q − 1 is not a special
divisor of p2m − 1 except when q = 2,22 or 3. Hence, in general, Eq. (1.2) is not covered the result
of [14].
Moisio [9] studies the number |C(Fqt )| of rational points of the Fermat curve C in (1.3) with t = 2
and 3. When t = 2, the number |C(Fq2 )| is explicitly determined; see [9, Theorem 1]. When t = 3,
the number |C(Fq3 )| is expressed in terms of the number of rational points on a projective cubic
curve over Fq; see [9, Theorem 2]. Moreover, when q is even, under an additional minor assumption,
|C(Fq3 )| is expressed in terms of a Kloosterman sum [9, Theorem 2′]. Moisio’s approach is based on
the observation that |C(Fqt )| is essentially determined by the sum
∑
u∈F∗q Kt−1(u)Kt−1(au)Kt−1(bu),
where a = NFqt /Fq (α), b = NFqt /Fq (−β) and Kt−1( ) is the (t − 1)-dimensional Kloosterman sum
over Fq .
In the present paper, we examine the number Nt(α,β) through a different approach. We ﬁrst
deﬁne a few terms. For a,b ∈ F∗q , a′ ∈ Fq and integer r  1, let
Sr(a,b) =
{
u ∈ F∗qr : NFqr /Fq (u) = a, NFqr /Fq (u + 1) = b
}
,
Tr(a
′,b) = {u ∈ F∗qr : TrFqr /Fq (u) = a′, NFqr /Fq (u) = b},
Ir(a,b) =
∣∣{ f ∈ Fq[x]: f is monic, irreducible, deg f = r, f (0) = a, f (1) = b}∣∣,
Jr(a
′,b) = ∣∣{xr − a′xr−1 + · · · + (−1)rb ∈ Fq[x] irreducible}∣∣.
A straightforward observation relates Nt(α,β) with |St(a0,b0)|, where a0 = NFqt /Fq (α) and b0 =
NFqt /Fq (β). Consequently, Nt(α,β) is expressed in terms of Ir(a,b) where r | t and a,b ∈ F∗q are related
to α,β . When r = 3, there is a simple yet peculiar relation between |S3(a,b)| and |T3(b − a − 1,ab)|.
This also allows us to express N3(α,β) in terms of J3(b0 − a0 − 1,a0b0).
The problem of computing Nt(α,β) is equivalent to that of counting Ir(a,b), the number of monic
irreducible polynomials of degree r over Fq with prescribed values at 0 and 1. The problem of
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irreducible polynomials with prescribed coeﬃcients; the latter is a well-studied topic in ﬁnite ﬁelds,
see for example [1,4,5,11,13,15], but the former, to our knowledge, has not attracted much attention.
Here arises a natural question: Is Ir(a,b) always positive? Namely, given r > 0 and a,b ∈ F∗q , does
there always exist a monic irreducible polynomial f ∈ Fq[x] such that f (0) = a and f (1) = b? The
answer is obviously negative for r = 1,2, and is obviously positive for r = 3. We are able to prove that
Ir(a,b) > 0 for all r  4 and a,b ∈ F∗q . Our proof for the positivity of Ir(a,b) (r  4) is based on the
relation between Ir(a,b) and Nt(α,β) and an estimation for Nt(α,β). In some sense, the positivity
of Ir(a,b) (r  3) is comparable with the Hansen–Mullen conjecture for irreducible polynomials [5]
(proved by Wan [13] and Ham and Mullen [4]) which postulates that a prescribed degree and one
prescribed coeﬃcient can always be achieved by a monic irreducible polynomial in Fq[x] excluding
two obvious non-attainable cases.
The paper comprises ﬁve sections. Section 2 gives the formula for Nt(α,β) in terms of Ir(a,b).
The computation in the case t = 2 is made explicit, providing an alternative proof of the formula for
N2(α,β) in [9]. In Section 3 we give two formulas for N3(α,β), one in terms of I3(a,b), the other in
terms of J3(b−a−1,ab), where a = NFq3 /Fq (α), b = NFq3 /Fq (β). We also compare these two formulas
with the result in [9]. Section 4 contains the proof of the positivity of Ir(a,b) for r  4. In Section 5,
the formula for N2(α,β) is used to construct a family of planar functions on Fq2 with odd q.
2. A formula for Nt(α,β)
We follow the notation of Section 1. For any integer s, denote the group {xs: x ∈ F∗qt } by F∗sqt .
Theorem 2.1. Let α,β ∈ F∗qt and a0 = NFqt /Fq (α), b0 = NFqt /Fq (β). We have
Nt(α,β) = (q − 1)2
∣∣St(a0,b0)∣∣
= (q − 1)2
∑
r|t
F
∗(q−1,t/r)
qt
α,β
r
∑
a,b∈F∗q
at/r=a0
bt/r=b0
Ir(a,b). (2.1)
Proof. Put X = {(x, y) ∈ F∗(q−1)qt × F∗(q−1)pt : x+ αy = β}. Then we have
Nt(α,β) = (q − 1)2|X |.
The mapping
φ : X −→ St(a0,b0),
(x, y) −→ αy
x
is a bijection with inverse
φ−1 : St(a0,b0) −→ X ,
u −→ β
1+ u
(
1,
u
α
)
.
Therefore |X | = |St(a0,b0)|, which proves the ﬁrst part of (2.1). Write |St(a0,b0)| =∑r|t |Sr | where
Sr = {u ∈ St(a0,b0): [Fq(u) : Fq] = r}. Assume u ∈ Fqt with [Fq(u) : Fq] = r and let f ∈ Fq[x] be
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polynomial of u + 1 over Fq , we also have NFqr /Fq (u + 1) = (−1)r f (−1). Let
Ir =
{
f ∈ Fq[x]: f monic, irr. deg f = r, f (0)t/r = a0, f (1)t/r = b0
}
. (2.2)
Then it is clear that the mapping
Sr −→ Ir,
u −→ (−1)r f (−x),
where f is the minimal polynomial of u over Fq , is onto and r-to-1. So |Sr | = r|Ir |. From (2.2) we see
that Ir = ∅ unless NFqt /Fq (α),NFqt /Fq (β) ∈ F
∗(t/r)
q , equivalently, unless α,β ∈ F∗(q−1,t/r)qt . Hence
∣∣St(a0,b0)∣∣=∑
r|t
|Sr | =
∑
r|t
F
∗(q−1,t/r)
qt
α,β
r|Ir | =
∑
r|t
F
∗(q−1,t/r)
qt
α,β
r
∑
a,b∈F∗q
at/r=a0
bt/r=b0
Ir(a,b),
which completes the proof of (2.1). 
The values of I1(a,b) and I2(a,b) can be easily determined. Obviously,
I1(a,b) =
{
1 if b − a = 1,
0 otherwise.
(2.3)
Let f = x2 + (b − a − 1)x+ a ∈ Fq[x]. It is well known that f is irreducible if and only if
⎧⎪⎨
⎪⎩
(b − a − 1)2 − 4a is a nonsquare in Fq if q is odd,
b − a − 1 	= 0 and TrFq/F2
(
a
(b − a − 1)2
)
= 1 if q is even.
Let η be the quadratic character of Fq and let χ be the canonical additive character of Fq . (We deﬁne
η(0) = 0.) Therefore, if q is odd,
I2(a,b) =
{
1
2 [1− η((b − a − 1)2 − 4a)] if (b − a − 1)2 − 4a 	= 0,
0 if (b − a − 1)2 − 4a = 0. (2.4)
If q is even,
I2(a,b) =
{ 1
2 [1− χ( a(b−a−1)2 )] if b − a − 1 	= 0,
0 if b − a − 1 = 0.
(2.5)
Theorem 2.1 together with (2.4) and (2.5) allows a quick determination of N2(α,β). Let a =
NFq2 /Fq (α) = αq+1 and b = NFq2 /Fq (β) = βq+1. By Theorem 2.1,
N2(α,β)
(q − 1)2 = 2I2(a,b) +
∑
a1,b1∈F∗q
a2=a,b2=b
I1(a1,b1).1 1
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∑
a1,b1∈F∗q
a21=a,b21=b
I1(a1,b1) =
∣∣{a1 ∈ F∗q : a21 = a, (a1 + 1)2 = b}∣∣
=
{
1 if (b − a − 1)2 − 4a = 0,
0 otherwise.
(2.6)
So, if q is odd,
N2(α,β)
(q − 1)2 = 1− η
(
(b − a − 1)2 − 4a). (2.7)
If q is even,
N2(α,β)
(q − 1)2 =
{
1− χ( a
(b−a−1)2 ) if b − a − 1 	= 0,
1 if b − a − 1 = 0. (2.8)
Eqs. (2.7) and (2.8) are the same as in Theorem 1 of [9]. But our method is different.
3. Formulas for N3(α,β)
Let a = NFq3 /Fq (α) and b = NFq3 /Fq (β). Let A be the aﬃne cubic curve deﬁned by
A: ax2 y + axy2 + x2 + ay2 + (a + 1− b)xy + x+ y = 0 (3.1)
and let A¯ be the projective closure of A. Moisio [9, Theorem 2] proved that
N3(α,β)
(q − 1)2 =
∣∣A¯(Fq)∣∣, (3.2)
where A¯(Fq) denotes the set of rational points on A¯ over Fq . In this section, we derive two more
formulas for N3(α,β).
The ﬁrst formula is merely Theorem 2.1 with t = 3. By Theorem 2.1 and (2.3), we have
N3(α,β)
(q − 1)2 = 3I3(a,b) +
∑
a1,b1∈F∗q
a31=a,b31=b
I1(a1,b1)
= 3I3(a,b) +
∣∣{a1 ∈ F∗q : a31 = a, (a1 + 1)3 = b}∣∣. (3.3)
In (3.3), I3(a,b) can be interpreted in terms of the number of values of a rational function on Fq .
Consider fc = x3 + cx2 + (b− a− c − 1)x+ a ∈ Fq[x]. Then fc is irreducible if and only if fc(x) 	= 0 for
all x ∈ Fq[x] \ {0,1}, i.e., if and only if
c ∈ Fq \
{ −1
x2 − x
(
x3 + (b − a − 1)x+ a): x ∈ Fq \ {0,1}
}
. (3.4)
Since
1
2
(
x3 + (b − a − 1)x+ a)= x+ 1− a + b ,x − x x x− 1
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V (a,b) =
{
x− a
x
+ b
x− 1 : x ∈ Fq \ {0,1}
}
. (3.5)
It is clear that the number of c satisfying (3.4) is q − |V (a,b)|, namely,
I3(a,b) = q −
∣∣V (a,b)∣∣. (3.6)
The number |{a1 ∈ F∗q : a31 = a, (a1 + 1)3 = b}| in (3.3) is explicitly determined in the next lemma.
Lemma 3.1. Let a,b ∈ F∗q .
(i) When p 	= 3,
∣∣{a1 ∈ F∗q : a31 = a, (a1 + 1)3 = b}∣∣
=
{
2 if a = 1, b = −1 and 3 | q − 1,
1 if b − a + 2 	= 0 and 3(2a + b − 1)(a + 2b + 1) = (b − a + 2)2(b − a − 1),
0 otherwise.
(3.7)
(ii) When p = 3,
∣∣{a1 ∈ F∗q : a31 = a, (a1 + 1)3 = b}∣∣=
{
1 if b = a + 1,
0 if b 	= a + 1. (3.8)
Proof. (i) First assume a1 ∈ F∗q satisﬁes a31 = a and (a1 + 1)3 = b. Then 3a21 + 3a1 + 1 = b − a, i.e.,
a21 + a1 + 1 = 13 (b − a + 2).
If b − a + 2 = 0, we have a31 = 1. So a = 1 and b = −1. It follows that a1 is a primitive 3rd root of
unity.
If b − a + 2 	= 0, we have
a1 − 1 = a
3
1 − 1
a21 + a1 + 1
= 3(a − 1)
b − a + 2 ,
i.e., a1 = 2a+b−1b−a+2 . The equation a21 + a1 + 1 = 13 (b − a + 2) is equivalent to
3(2a + b − 1)(a + 2b + 1) = (b − a + 2)2(b − a − 1).
Eq. (3.7) follows by reversing the above argument.
(ii) is obvious. 
The second formula for N3(α,β) is a consequence of the following interesting connection between
S3(a,b) and T3(b − a − 1,ab).
Proposition 3.2. Let a,b ∈ F∗q . The mapping
ψ : S3(a,b) −→ T3(b − a − 1,ab),
u −→ u + u1+q
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∣∣ψ−1(v)∣∣= {q + 1 if a = 1 and v = −1,
1 otherwise.
(3.9)
Proof. 1◦ First we show that if u ∈ S3(a,b), then u+u1+q indeed belongs to T3(b−a−1,ab). Clearly,
NFq3 /Fq
(
u + u1+q)= NFq3 /Fq (u(1+ u)q)= NFq3 /Fq (u)NFq3 /Fq (1+ u) = ab.
We also have
b = NFq3 /Fq (u + 1) = (u + 1)1+q+q
2
= u1+q+q2 + u1+q + uq+q2 + uq2+1 + u1 + uq + uq2 + 1
= NFq3 /Fq (u) + 1+ TrFq3 /Fq
(
u + u1+q)
= a + 1+ TrFq3 /Fq
(
u + u1+q).
So TrFq3 /Fq (u + u1+q) = b − a − 1.
2◦ Let α ∈ F∗
q3
such that NFq3 /Fq (α) = a. Then u ∈ F∗q3 satisﬁes NFq3 /Fq (u) = a if and only if u =
αxq−1 for some x ∈ F∗
q3
. For v ∈ T3(b− a− 1,ab), we claim that αxq−1 ∈ ψ−1(v) if and only if x ∈ F∗q3
is a solution of
α1+qxq2 + αxq − vx = 0. (3.10)
First assume αxq−1 ∈ ψ−1(v). Then αxq−1 + (αxq−1)1+q = v , which is equivalent to (3.10).
Next assume x ∈ F∗
q3
satisﬁes (3.10). Then we have αxq−1 + (αxq−1)1+q = v . Let u = αxq−1. It
remains to show that u ∈ S3(a,b), i.e., it remains to show that NFq3 /Fq (u + 1) = b. In fact, we have
NFq3 /Fq (u + 1) = NFq3 /Fq (u) + TrFq3 /Fq
(
u + u1+q)+ 1
= a + b − a − 1+ 1 = b.
3◦ The number of solutions x ∈ Fq3 of (3.10) is q3−rank A , where
A =
⎡
⎣ v −α −α1+q−αq+q2 vq −αq
−αq2 −αq2+1 vq2
⎤
⎦ ;
see [6, Proposition 2.1]. We have
det A = v1+q+q2 − α1+q+q2 − α2(1+q+q2) − α1+q+q2(v1 + vq + vq2)
= NFq3 /Fq (v) −NFq3 /Fq (α) −NFq3 /Fq (α)2 −NFq3 /Fq (α)TrFq3 /Fq (v)
= ab − a − a2 − a(b − a − 1) = 0.
So rank A = 1 or 2. It is easy to see that
rank A =
{
1 if a = 1 and v = −1,
2 otherwise.
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q3
of (3.10) is
{
q2 − 1 if a = 1 and v = −1,
q − 1 otherwise. (3.11)
Now (3.9) follows from (3.11) and the claim in 2◦ . 
Corollary 3.3. Let a,b ∈ F∗q . Then
∣∣S3(a,b)∣∣=
{ |T3(b − a − 1,ab)| + q if a = 1 and b = −1,
|T3(b − a − 1,ab)| otherwise. (3.12)
Combining (3.12) and (2.1), we arrive at the second formula for N3(α,β):
N3(α,β)
(q − 1)2 =
{ |T3(b − a − 1,ab)| + q if a = 1 and b = −1,
|T3(b − a − 1,ab)| otherwise, (3.13)
where a = NFq3 /Fq (α) and b = NFq3 /Fq (β).
Moisio [10] studied the number of irreducible polynomials over ﬁnite ﬁelds with prescribed trace
and norm. The number |T3(b − a − 1,ab)| in (3.13) is up to further interpretations by the results
of [10].
For c ∈ F∗q , let Bc be the aﬃne cubic curve deﬁned by
Bc : y2 + cy + xy = x3 (3.14)
and let B¯c denote the projective closure of Bc . By Theorems 3.2 and 5.1 of [10], we have
∣∣T3(b − a − 1,ab)∣∣=
⎧⎨
⎩
|B¯c(Fq)|, where c = ab(b−a−1)3 , if b − a − 1 	= 0,
q + 1+ 1q
∑
x∈Fq3 e(αβx
(3,q−1)) if b − a − 1 = 0. (3.15)
(e is the canonical character of Fq3 .)
We can also write
∣∣T3(b − a − 1,ab)∣∣= ∣∣T3(b − a − 1,ab) ∩ (Fq3 \ Fq)∣∣+ ∣∣T3(b − a − 1,ab) ∩ Fq∣∣
= 3 J3(b − a − 1,ab) +
∣∣{v ∈ Fq: 3v = b − a − 1, v3 = ab}∣∣
=
{
3 J3(b − a − 1,ab) + 1 if (b − a − 1)3 = 27ab,
3 J3(b − a − 1,ab) otherwise. (3.16)
If (b − a − 1)3 = 27ab and p 	= 3, by Corollary 5.2 of [10], J3(b − a − 1,ab) =  13 (q + 1), so
|T3(b − a − 1,ab)| = 3 13 (q + 1) + 1. This is also true when p = 3; see (3.15). Thus (3.16) can be
made a little more explicit:
∣∣T3(b − a − 1,ab)∣∣=
{
3 13 (q + 1) + 1 if (b − a − 1)3 = 27ab,
3 J3(b − a − 1,ab) otherwise. (3.17)
To summarize, there are three formulas for N3(α,β): Eqs. (3.2), (3.3) and (3.13). These formulas are
not direct consequences of each other. Eq. (3.2) brings about the projective cubic A¯ while Eq. (3.13)
involves through (3.15) the projective cubic B¯c with c = ab 3 when b − a − 1 	= 0. The cubics(b−a−1)
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reducible if and only if a = 1 and b = −1 [9, Lemma 2]. Tedious but routine computation shows that
A¯ is singular if and only if one of the following holds.
(i) p 	= 2 and
∣∣∣∣∣∣∣∣∣
a a − b + 1 3 2
a a − b + 1 3 2
a + 2b − 2 a − b − 5 −3
a + 2b − 2 a − b − 5 −3
a + 2b − 2 a − b − 5 −3
∣∣∣∣∣∣∣∣∣
= 0.
(ii) p = 2, a 	= 1 and (a + b + 1)3 + ab = 0.
On the other hand, B¯c is always irreducible and is singular if and only if p 	= 3 and c = 127 .
Eq. (3.3) involves through (3.6) the value set V (a,b) of the rational function h(x) = x − ax + bx−1
on Fq . We do not see any direct interpretation of |V (a,b)| in terms of elliptic curves without going
through N3(α,β). However, there is a curious connection between h(x) and Bc . The aﬃne curve Bc
is birational (over Fq) to the aﬃne curve xy(x− 1)(y − 1) h(x)−h(y)x−y = 0.
4. Positivity of It(a,b), t  3
Let a,b ∈ F∗q . When t = 1,2, we have It(a,b) = 0 or 1 depending on explicit conditions on a and b;
see (2.3), (2.4) and (2.5). When t = 3, (3.6) gives I3(a,b) 2 since |V (a,b)| q− 2. In this section we
prove that It(a,b) > 0 for t  4.
Lemma 4.1. Let α,β ∈ F∗qt . Then we have
Nt(α,β) qt + 4− 3q −
(
q2 − 5q + 6)q t2 .
Proof. Since the genus of C in (1.3) is 12 (q−2)(q−3), the Hasse–Weil bound gives |C(Fqt )| qt +1−
(q − 2)(q − 3)q t2 . Thus by (1.4),
Nt(α,β)
∣∣C(Fqt )∣∣− 3(q − 1) qt + 4− 3q − (q2 − 5q + 6)q t2 . 
Theorem 4.2. For a,b ∈ F∗q and t  4 we have It(a,b) > 0.
Proof. We ﬁrst note that if q = 2, then a = b = 1. Every irreducible polynomial f ∈ F2[x] of degree
> 1 must have f (0) = 1 and f (1) = 1. So the positivity of It(1,1) (t  2) is obvious. Henceforth we
assume q 3.
Let α,β ∈ F∗qt such that a = NFqt /Fq (α) and b = NFqt /Fq (β). By Theorem 2.1,
t It(a,b) = Nt(α,β)
(q − 1)2 −
∑
r|t, r<t
r
∑
a1,b1∈F∗q
at/r1 =a,bt/r1 =b
Ir(a1,b1)
 1
(q − 1)2
[
qt + 4− 3q − (q2 − 5q + 6)q t2 ]− ∑
r|t, r<t
r
(
t
r
)2
qr−2
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(q − 1)2
[
qt + 4− 3q − (q2 − 5q + 6)q t2 ]− t2q−2 ∑
r t2
qr
= 1
(q − 1)2
[
qt + 4− 3q − (q2 − 5q + 6)q t2 ]− t2q−2 · q t2+1 − 1
q − 1
 1
(q − 1)2
[
qt + 4− 3q − (q2 − 5q + 6)q t2 ]− t2q t2
(q − 1)2
= 1
(q − 1)2
[
q
t
2
(
q
t
2 − q2 + 5q − 6− t2)+ 4− 3q].
Let A(q, t) = q t2 − q2 + 5q − 6− t2. Then
⎧⎪⎪⎨
⎪⎪⎩
∂ A
∂q
= t
2
q
t
2−1 − 2q + 5,
∂ A
∂t
= 1
2
q
t
2 lnq − 2t.
We have A(5,4) = 3, A(3,8) = 17 and
∂ A
∂q
> 0,
∂ A
∂t
> 0 for q 5, t  4 or q 3, t  8.
So when q 5, t  4 or q 3, t  8, we have A(q, t) 3 and consequently
t It(a,b)
1
(q − 1)2
(
q
t
2 · 3+ 4− 3q)> 0.
For 3 q < 5 and 4 t < 8, the positivity of It(a,b) is checked directly. 
5. Applications to planar functions
A function f : Fpn → Fpn is called planar if for every u ∈ F∗pn , x → f (x+u)− f (x) is a permutation
of Fpn . Planar functions were introduced by Dembowski and Ostrom [3] to describe certain aﬃne
planes. These functions also appear in cryptography where they are called perfect nonlinear functions;
see [12]. Obviously, planar functions exist only for odd p.
Lemma 5.1. Let p be an odd prime and let n be a positive integer. Let f (x) = xpm+1 + βx2 ∈ Fpn [x] where
m > 0 and β ∈ F∗pn . Put t = n(m,n) and q = p(m,n) = p
n
t (so pn = qt ). Then f is a planar function on Fqt if and
only if Nt(1,−2β) = 0, i.e., if and only if the equation xq−1 + yq−1 = −2β has no solution (x, y) ∈ F∗qt ×F∗qt .
Proof. For u ∈ Fqt , we have
f (x+ u) − f (x) − f (u) = uxpm + upmx+ 2βux = ux(xpm−1 + upm−1 + 2β).
Since f (x + u) − f (x) − f (u) is a p-polynomial, it is a permutation of Fqt if and only if x = 0 is its
only root, i.e., if and only if
−2β 	= xpm−1 + upm−1 for all x,u ∈ F∗qt ,
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−2β 	= xq−1 + uq−1 for all x,u ∈ F∗qt . 
In Lemma 5.1, if t = 1, then f (x) = (β + 1)x2 on Fq , which is not interesting; if t  3, we know
from Section 4 that Nt(1,−2β) > 0, so Lemma 5.1 does not produce any planar function. The only
interesting case in Lemma 5.1 is when t = 2. Let t = 2 and let b = NFq2 /Fq (β). Then NFq2 /Fq (−2β) = 4b.
By (2.7) we have
N2(1,−2β)
(q − 1)2 = 1− η
(
(4b − 2)2 − 4)= 1− η(b(b − 1)).
Combining the above equation and Lemma 5.1, we have the following proposition.
Proposition 5.2. Let p be an odd prime and let n,m be positive integers such that (m,n) = n2 . Put q = p
n
2 (so
pn = q2). Let f (x) = xpm+1 + βx2 ∈ Fq2 [x] where β ∈ F∗q2 . Then f is a planar function on Fq2 if and only if
η(b(b − 1)) = 1 where b = NFq2 /Fq (β).
Remark. Let H = F∗(q−1)
q2
. Then the set of β ′ ∈ F∗
q2
such that N2(1, β ′) > 0 is precisely F ∗q2 ∩ (H + H) =
H(1+ H \ {−1}). For x, y ∈ H \ {−1}, it is easy to see that 1+y1+x ∈ H if and only if y = x or x−1. So for
odd q,
∣∣H(1+ H \ {−1})∣∣= |H|(1
2
(|H| − 2)+ 1)= 1
2
|H|2 = 1
2
(q + 1)2.
Hence the number of β ∈ F∗
q2
such that N2(1,−2β) = 0, i.e., the number of β satisfying the condition
of Proposition 5.2, is q2 − 1− 12 (q + 1)2 = 12 (q + 1)(q − 3).
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